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1. INTRODUCTION

We consider in this paper relations between weak and strong convergence
of iterates of positive contractions in L, spaces, | < p << oo. A matrix of
is called uniformly regular if the following

conditions hold:

sup Y | ap; | <2 oo; lim max | a,; ! - 0; limy a,;, = 1. (L.1)

G. G. Lorentz characterized the class of uniformly regular methods in
terms of “summability functions™ (see [9 and 10]). Here we study the problem
of equivalence of the following two conditions (A) and (B):

(A) T7 converges weakly in L, ;
(B) >;a,T° converges strongly in L, for every uniformly regular
matrix (a,;).

The implication (B) = (A) is easy, and in fact, as observed in [7], (A) is
implied in arbitrary Banach spaces by a condition in appearance weaker
than (B), namely the existence of a regular matrix (a,;) such that ¥, a,,T%
converges weakly for every strictly increasing sequence of positive integers
(k). In Section 2 of the present paper we show that (A) implies (B) if T is
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CONVERGENCE OF POSITIVE CONTRACTIONS 349

a positive invertible isometry and the weak limit 7 of 7" is zero. Section 3
proves the same result in the case when T is not zero. In Section 5 an attempt
18 made to extend the implication (A) = (B) to positive contractions. An
additional condition is needed: that there exists a function /4 in L, such that
h>0ae. and || Thi = £ |. Under the same condition it is at first shown
in Sections 4 and 5 that a contraction 7 on L, has a dilation to an isometry,
and this isometry generates the decomposition of the space X into two
invariant parts, X; and X, : On X; the theorem holds because the isometry
is invertible; on X, because this part is a disjoint union of images of a
“wandering” set.

The question whether (A) implies (B) for general positive contractions
remains open.t For p == | and 2, however, the answer is yes, and the implica-
tion (A) = (B) holds even if 7" is not positive (cf. [5 and 7]).

2. CONVERGENCE OF INVERTIBLE ISOMETRIES TO ZERO

Let (X, 2, m) be a o-finite measure space and let L, = L, (X, 2, m) be
the usual Banach spaces. In the proofs, we assume without loss of generality
that m(X)=1:L, of a o-finite measure space is isometric and lattice
isomorphic to L, of a probability space. If Ec 2, then L (E, m) or L,(E)
denotes the subspace of L, consisting of functions with support in E.
A contraction T on L, is a linear operator on L, of norm <1. L,* is the
cone of nonnegative elements of L,. Since L, is actually composed of
equivalence classes of functions, many statements below are to be understood
modulo sets of m-measure zero, or modulo m-null functions.

The inner product [/ g dm is denoted (f, g). If p is a number between 1
and oo, p’ denotes p/(p — 1).

LemMA 2.1. Assume p > 1. Let feL,*. The unique element of L%,
satisfying the equation in g

(&) =1/sllgly =11,
is the function g = f7-1,

Proof. f7! satisfies the equation. The equality in Holder’s inequality
(f,8) <l fll,llgll, determines g up to a multiplicative constant, which
must be 1 because of the second equality in the equation.

1 Added in proof: The answer is yes. (See a research announcement by the present
authors in Bull. Amer. Math. Soc., January 1975.)
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Lemva 2.2, If T is an invertible isometry on L,, | < p < oo, then T*
is an isometry on L, .

Proof. Givenhe L, with | hj — 1,choosege L, sothat| hi = (4, g) ==
lgl. Let f be such that Tf--g. Then (h, Tf) - | Tf|| =|IfL Also,
(h, Tf)y = (T*h, f) < || T*h [ [ f|.. Thus | T*h || == 1, hence || T*h [ =1 =1/ /.

Lemma 2.3, If T is an invertible isometry on L, , then for each fe L,*,
THfr = (T

Proof. By Lemma 2.1, (7-Y)*~* is the unique element of L, satisfying
the equation in g

(IYog) =T gl =S hgl =S

Because of Lemma 2.2, this equation is also satisfied by g = T*f?-1. Hence
(T-f)r =T

LEMMA 2.4, Let 1 << py << g = py << o0. Then for each f € L, one has
L < UL Gt ™,

where o = py(ps — q)/(p2 — p1)-

Proof. Assume at first that p, < 0. Set B == p, X (¢ — p)/(p2 — p1)s
t=(py—p)l(ps —q), 1" =1t = 1). Then o« + B = q, ot = py, Bt" == ps.
Holder’s inequality implies that

LAl = QS < i e L e
= (/1) (1) (2.5)

The case py = o0 is obtained by passing to the limit in the inequality of the
lemma (cf., e.g., Loéve [8, p. 160]).

Since the limit in the following theorem is zero, a condition on the matrix
weaker than uniform regularity is sufficient, namely

sup Y | @yl << ® and li{’n max Iy | = 0. (2.6)

no g

THEOREM 2.7. Let T be a positive invertible isometry on L, where p is
afixed number,1 < p < co. The following conditions («) and (B) are equivalent.
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(x) T* converges weakly to zero; (B) Y, a,,T* converges strongly to zero for
each matrix (a,;) satisfying (2.6).

Proof. As observed in the introduction, it suffices to prove that (x)
implies (8). Assume («). Write S, for the operator Y ; a,;7°. We prove that
1SS 12 = (Suf)7 S, f) — 0. By Lemma 2.3, T*(S, f)71 = (TS, f)r-t =
(S, 7-7f)7~1. Hence it suffices to show that for each fe L,*

(g Qs (Z an Tf )M, f) —0. (2.8)

Since L, is a dense subspace of L, and 7 is bounded, we may, and do,
assume that the function f is bounded by 1. Instead of (2.8) we will prove
the stronger statement

Z A ( (Z Ay Ti—jf) "~ dim — 0. (2.9)

i
We require the following lemma.

LemMma 2.10.  Let (d;;) be a matrix of real numbers bounded by 1 and such
that lim|;_;|.. d;; = 0. Let (a,;) satisfy (2.6). Then for each real number ¢ > 0

Z | ap; | (Z [ a; ! d,{.j)q o

Proof. Set sup, > ;| a, | =m. Let e >0 be given and choose K so
large that | i — j| > K implies | d;; | < e. Select N so large that for n > N
one has max; | a,; | << e. For each positive integer j there are at most 2K - 1
terms d,; such that | d;; | < € need not hold. Thus for # > N we can write,
using the convention that a,; = 0 for  <{ 0,

J+K
Z[am'[diig z |amt['1+52[am{\<\(2K+1+m)'€,
i i=j—K i

hence

g q
Y lanl (z | @i dij) < m2K 41+ m)? €,
i i /

which proves the lemma, since e is arbitrary.
We continue the proof of the theorem.
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Case p < 2. One has for each g € L7 (cf. Loeve [8, p. 156])

(J g dm)lr(w” ’ g dm.

hence the expression in (2.9) is bounded by
. [
2 Iy lZ | s ( l T“":f(l'nz)y

(2.9) now follows from Lemma 2.10 applied with d;; = [ T¢/fdm and
q = p — 1, because weak convergence to zero of T/ in L, implies that
[ T°fdm — 0.

Case p >: 2. Minkowski’s inequality is now available in £, ;, which
implies that instead of (2.9) it suffices to prove

-1
P PRI @.11)

i

Observe that |, 77|,y — 0 because (7-"f)?t = T*fr-1 and weak
convergence to zero of 7" in L, implies weak convergence to zero of 7*»
in L, . Also|| T"f]|,—, converges to zero, because Lemma 2.4 may be applied
with p; =1, p, = p, ¢ = p — 1. This proves that

Sm T A = 0. (2.12)
Hieejler

(2.11) will now be a consequence of the Lemma 2.10 applied with
dyy — | T=fll,y and g = p — 1.

3. CONVERGENCE OF ISOMETRIES TO A PosITIVE LiMiT

We now require a decomposition of the space X such that on one part
of the space the weak limit is zero, and on the other part there is a positive
fixed point.

ProrosiTION 3.1.  Let T be a positive, linear operator on L, , 1 < p < oo,
Then X uniquely decomposes into two sets F and G with the following proper-
ties. G is the support of a T-invariant nonnegative function g, , and the support
of any such function is contained in G. G is invariant; i.e., f € L (G) implies
T/ e L(G). If f € L,* and T"f converges weakly, then [ T"f dm - 0.
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Proof. Let Q ={g:geL,", Tg =g}, G = J,co supp g. Define a func-
tion gy € L,* as follows. If G == &, set g, = 0. Otherwise there is a countable
sequence of nonnull functions g, in Q so that G =), suppg,. Set
gy = X; a; g; where «; are positive constants so chosen that g, L, . Then
G = supp g, and g, < Q. The set G is invariant, because, given fe L,* and
an ¢ >0, we can set f = f, + f;, where || f;|| < e, and there is a positive
constant ¢ such that f, < ¢g, , hence cg, = Tf, € L,*. Define an operator R
on Ly(F) by Rf = 1(Tf), fe L,(F). Clearly R*(1zf) = 177 for all n. If
weak-lim 77f = f, then Tf =/, hence supp fC G, and lim, [ T"fdm ==
frfdm=0. J

COROLLARY 3.2. Ifp > 1 and T satisfies

” Tﬂ,
| << o0 and — 0 strongly,
| ; gty

T A
sup|[ 2 T
then for each fe L,
f (l i Tif\)p dm —0
F A\l 1 / ’

Proof. The mean ergodic theorem applied to R in L, (F) gives that the
Cesaro averages of R/ converge to a function fe L,(F). Rf = f, hence
Tf =, suppfC G and f = 0.

A bounded linear operator T is called invertible if it is one-to-one and
onto. The inverse 7-1 is then a bounded linear operator by a well known
theorem of Banach, and T-! is positive if 7' is positive. In some cases the
decomposition X == F -+ G is more satisfying in that not only G, but also
F'is invariant, so that the separation between the two sets is complete.

COROLLARY 3.3. If T is invertible, then both F and G are invariant.

Proof. T and T! have the same decomposition F -+ G, because they
have the same fixed points, since 7g == g implies g == T-YTg) = T-1g. Let
Tf=fi +g with fieL,(F), g,€L,G). Then T-'g,e L, (G), hence
f=TYfH+g)=T,Tf=fandg =0.

PrROPOSITION 3.4. If T is a positive contraction on L,, 1 < p < oo, and
Tf = fe L,*, then both E = supp f and E° are invariant.

Proof.  Assume||f], =1.Thenl = (£, f*) =(Tf,f»") = (£, T% ") <
| T* 1], On the other hand | 7*» 1| <||T*|llf* || <1. Thus
[ T*f o] =1 = || fr-')l. This implies that 7*f»! is a solution of the
equation in g appearing in Lemma 2.1. Hence T*f#-1 = f»-1, The set E is
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the support of a 7-invariant function f, hence is T-invariant (cf. the proof
of invariance of G in 3.1), and E is also the support of a T*-invariant function
71, hence E is T*-invariant. 1t follows that £¢is 7 invariant. To see this,
let fie L, (E%, foe L, (E), and note that (7f,,f,) == 0 if and only if
(fl H T*fE) =0,

CoroLLarY 3.5. If T is a positive contraction on L,, | <2 p < o, then
the sets F and G appearing in Proposition 3.1 are both invariant.

Either 3.3 or 3.5 may be uscd to show that the problem of equivalence
of (A) and (B) for invertible isometries may be studied separately on the
parts F and G of the space. Section 2 resolves this problem for the part F.
For the part G. the following theorem proved in ({7, Section 2]) is applicable:

THEOREM 3.6. Let T be a positive contraction on L,, | < p < =, If
there is a function he L, such that h > 0 a.e. and Th = h, then the condi-
tions (A) and (B) are equivalent.

We only very briefly sketch the proof; for details see {7]. Define a measure
y on 2 by dy == h” din. Define an operator S on L,(X, y) by ASf - T(hf),
then A#~1S*f - T*(h"~'f). One verifies that S is a contraction on L,(X, y),
and both S and $* are contractions on L. (X, y), hence S is also a contraction
on L,(X, y). It follows that S is a contraction on L,(X, v}, and on L, the
equivalence of (A) and (B) is rather easy to prove. From the validity of the
equivalence for S one derives the validity for 7, hence the theorem.

(2.7, (3.5) and (3.6) now imply:

THEOREM 3.7. The conditions (A) and (B) are equivalent for arbitrary
invertible isometries on L, , 1 < p < oc.

4. DiLATIONS OF CONTRACTIONS IN L -SPACES

In this section we will prove Theorem 4.1 below, which will be used in the
next section. Similar theorems were obtained in [2] and [3], for the finite
dimensional L -Spaces and for the L -Spaces, respectively.

Before we state this main result, we recall the following definitions and
theorems. An equivalence between two measurable spaces is an invertible
point transformation which is measurable in both directions. An isomorphism
between two measure spaces is a measure preserving point transformation
that becomes an equivalence if a null set is omitted from each one of the
spaces. A Borel space is any measure space that is isomorphic to (J, B, n),
where J = [0, 1] is the unit interval, 8 is the o-algebra of its Borel sets and
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is a finite measure. If ¢:J-—>J is an isomorphism between (J, 8, u) and
(/, B, v) then there is also a measure preserving equivalence ¢: J — J between
these measure spaces. In what follows (J;, ), i=0, 41, +2,...,, will
denote copies of (J,) and we will let (i, i) = [Towr (i, B,
—o0 <k < I << o0, Note that (J;}, 8,7 is always equivalent to (J, 5).

A nonsingular equivalence r of a measure space (X, 2, m) is an equivalence
that transports m to an measure #7~! absolutely continuous with respect
to m. A nonsingular equivalence 7 of (X, 2, m) induces a positive isometry Q
of L (X, 2, m), defined as

dmr1

©Ne) = [P (o] 1

THEOREM 4.1. Ler T be a positive contraction of L(J, B, n), where p is
a normalized measure and 1 << p < . Assume that there is a function
he L(J, B, pu) sothat h > 0 a.e. and || Th|| = || h|l. Then there exists another
normalized measure ji on B and a non singular equivalence T of (J, B, [i) so that

(i) There is a sub c-algebra € C B and a positivity preserving isomorphism
g: Lp(J9 185 f’(’) - Ll)(']s %5 ,a)a

(i) If Q is the positive isometry of L,(J, B, i) induced by = and if
E: Lp(J, Ba }7«) - Lp(‘]ﬂ (Ka F”)

is the conditional expectation operator with respect to €, then £T"f == EQ"&f
for each fe L,(J, B, ) and for eachn =0, 1, 2,... .

The proof will depend on several lemmas. In this proof the measure j
will actually be constructed as a measure u”,, on the cartesian product space
(JZ, , BZ,). Similarly, = will be a nonsingular equivalence of (J%,, , 87, , u°
and ¥ = B, C 8%, will be the sub ¢-algebra of 8%, generated by the J,-
coordinate function J=, — J,. Since (J=, , B%,) is equivalent to (J, f), the
formulation given in the theorem may then be obtained easily.

The measure 2, will be constructed in such a way that its projection on
the coordinate space (J, , B,) will be u. Hence the isomorphism ¢ will amount
to identifying a function on J as a function on J*_ that depends only on the
Jy-coordinate.

DerNiTION 4.2, Let (X, %) and (Y, %) be two measurable spaces and
let {y} = {m}x be a family of normalized measures on (Y, %), indexed by the
elements of X. Then {5} is called a conditioned family if the values of these
measures at each G e & define a measurable function on (X, #). Il ¢ is a
measure on (X, #) and {n} is a conditioned family of measures on (Y, %)

640/13/4-2
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then o X {5} will denote the measure on (X, #) x (Y, %) defined uniquely
by the condition that

(0 % (U < G) = | (G, ) i),

for each Fe % and G e 9. Here (-, x): 4 — [0, 1] is the member of {n}
corresponding to x € X.

LEMMA 4.3. There exist a conditioned family {oy, on (J_y, B_y) and an
equivalence m: (J°,, /5’01) — (Jo4, BY) so that m transports {n] ¥ p to v > A,
where dp = h* dm, dv = (Th)* dm and where A is the standard Lebesgue
measure, so that

(TN = (Th)(xo) | %3%—%% .

Jor each fe L,(J, B, m). Here 3% (x,, x;) denotes the Jycoordinate of the
point Y (xq , x,) € J°, .

Proof. Let S, == {0, 1}” be the set of all sequences of length » of zeros
and ones and let S =), _, S, be the set of all such finite sequences. For
each s € 5, let j; be the corresponding binary interval of J = [0, 1], consisting
of the numbers whose binary expansions start with the sequence s. We will
assume that the end points of these intervals are so adjusted that for each
n > 1 the family {j}.cs_is a partition of J and that these partitions get finer
as n increases. Let X, be the characteristic function of j, .

For each s € S, we are now going to define a subset G, of Ji! so that the
following conditions will be satisfied

4.4. Foreach n = 1, {G}.s_ is a partition of Jy' and these partitions
get finer as » increases.

4.5. 1Ifs, 5" S and if 5" is an extension of s then G, C G, .

4.6. 1f 4, is the characteristic function of G, then

T(X h)(xo) = (Th)(xo) J Plxo . x1) dxy

m —a.a. x,ed,.

To define G.’s, let p(xy) == (T(X ) (xeD(Th(x,)). We may assume that
these functions are so adjusted that the following countably many conditions
are satisfied at each point.

PO +p1 = 1,
Dso +Ps1 = Ps» seSs,
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where sO and s1 denote the extensions of s by a 0 or by a 1, respectively.
We may then let, for example,

Gy = {(xp,x) |0 Xy < poX))s

% \\10
Gy = {(x, x) |0 < xo < 1, polxg) <<y < 1

and continue the definition of G’s by an obvious induction.

These sets define a function g: Ji* — J as follows. For each (x,, x;) € J,
g(x,, x;) is the real number whose binary expansion is given by the indices
of G’s that contain this point. Then g transports v X A to p. In fact, for
each binary interval j, C J,

@ X N(gh) = (v x NG = |

Jo

TX h
Th

(Th)? dm

I

[ (T )Ty dm = f X BTH(ThY1 dm
vy Jo

= [ Xphr-tdm = f W dm = p(j,).

Jo

Therefore, by Rohlin’s theorem [12, 1], there exists a conditioned family
{a} son (/. B_,) and an equivalence

m J0 — Ty,

so that 7 transports {a} X p to v X A and so that gm: J°, — J, is the projec-
tion of J?, to its J-component, {a} X p — a.e.
To see that

(TF)(x0) = (Th)(xo) f fgﬁ—"—ﬁi—)‘% i,

for each fe L,(J, B, m), we observe that this equation is true if /' = XA, by
the definition of 7. Hence it is also true for any f = ¢4, with ¢ € L (J, B, 1),
which includes all fe L(J, B, m).

4.7. We will now construct an equivalence r: J*, — J=_ as follows.
If x; and 7,”x denote the ith coordinates of x € J%,, and "x € J®, , respec-
tively, then

ToX = 7o(X_1 5 Xo)s
TiX = m(X_1 , Xg),

TX = X;4 if {20, i+#£1,
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where (x_;, xy) — (mo{x_4 ., x4), m(x_y, x,)) denotes the equivalence
m JO — Jy! as constructed above. We will define two measures (see [3] for
further details)

e = K{a b < {al X X AX AR
and

P, = o X {a,t X {a g X v X AX AKX

—00

where du = h? dm, dv = (Th)? dm are measures on (J,, f3,), as before, and
A is the standard Lebesgue measure, and for each n = I, 2,...,{@,_n},;ﬂ+1
is a conditioned family on (J _, . 8_,) defined as follows:

X (Fy (X1 5eeer X)) = 0F, 7 X piq 5eees X))y

where {«} is the conditioned family obtained previously.
Then one can check that = transports u”, to v”, and also that

) = (Th)? (x)
 hP(x,)

dV
(

If Q is the positive isometry induced on L (J*,, BZ. , n*,) by 7, then

(@) = L5 pri),

foreach Fe L,(J7, , 8% . u7s) and x € J. , x, € J, being the Jy-coordinate
of x.

Each ¢ e L,(J, B, u) can also be considered as a member of
L,(J%,, B2, 1°s), depending only on the Jy-coordinate x, of a point
xeJ=, . Then ¢h e L,(J, B, m), and we would like to show that

T™(dh)y = hEQ"¢,
for each n =0, 1, 2,..., and for each ¢ € L,(J, B, p), or equivalently, that
T = hEQ™(f]h), foreach n =0,1,2,...

and for each fe L(J, B, m), where E: L, (J=., B% ,pn=0) — L(J, B, p) is
the conditional expectation operator with respect to B, C 8=, , the o-algebra
generated by the Jy-coordinates.

The proof is by induction and essentially depends on the following lemma.

LEMMA 4.8. Let Fe L,(J7,, B2, , p»>.) be a function depending only on
Sinitely many coordinates (Xxq, Xy{ ..., Xp), n =20, Then EQF = FEQEF =
(1/h) ThEF.
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Proof. Write the value of F at (..,x_y, Xy, Xy ,..) a5 F(Xg yeeey Xp)
Observing that QF depends only on (xq ,..., X,,,,), W€ may write

(QF)(XO ELLEE] xﬂ+1) = (Z;?))CESCO_)_ F(ﬂ()_l(xﬂ s xl)’ -x2 seees Xn+1)'

Hence
(BQF)(xy) — Qh’E)T(SQ o PO 0, %0 ) i i
- (7];’3:30) [, s O 0 s o) e s
= GRS [ (@Y (o 30
~ 77(1;)7 (T(hEF))(x,), by Lemma 3.

Similarly, EQEF = (1/h) T(hEF).
Now to prove the main equation, namely

T"f = hEQ"(fIh),

for each n =0, 1,..., and for each fe L,(J, 5, m) observe that this equation
is trivial for n = 0. If it is true for n, since Q*(f/h) depends only on (x, ,..., x,),
then we have that

n»lf__ 71L_ ni
Eomtyy = PO = FOEC™,

= £Q T = ; T™ [

5. Positive CONTRACTIONS
In this section we prove the final result of this note.

THEOREM 5.1. Let T be a positive contraction on L, = LJ(X, 2, m),
1 < p << o0, and assume that there is a function he L,* so that h > 0 a.e.
and || Th| = || h|l. T™ converges weakly (if and) only if 3, a,;T* converges
strongly for every uniformly regular matrix (a,;). Then one has weak-
lim 7" = lim ¥°; a,;T"

The proof will consist of several separate arguments. As shown in Sec-
tion 3, the space X can be decomposed into two invariant sets G and
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F = X — @, so that any invariant function of 7 has support in G and there
is an invariant function strictly positive a.e. on G. Then the restrictions of
T to L,(G, m) and to L (F, m) can be considered separately. For the first
part, the results of Section 3 apply and we obtain the proof immediately.
For the second part, note that /1, is also a function satisfying || Thl g || =
[ h1g]l. We will also observe that there is no loss of generality in replacing
the measure space by a Borel space. Hence, because of the dilation theorem
of the previous section, 7 has a dilation to an isometry Q. Since both T and 0
are positive and since 7" converges weakly to zero, it is clear that Q" satisfying

ETm == EQn§ (5.2)

also converges weakly to zero. Hence we need the following theorem to
obtain the desired result.

THEOREM 5.3. Let Q be a positive isometry of L (X, Z, m), induced by a
nonsingular equivalence = of X. Then the weak convergence of Q" to zero
implies the strong convergence of > ; a,,;Q° for any matrix (a,;) satisfying (2.6).

Proof. For each n =0, 1, 2,... let m7" be the measure transported by
7%, and let X, be a set with the minimal m-measure so that mr—"X, ==
mr"X (= mX). We may and will assume that X, 0 X; D X,2 . Let
D,=X,—X,1,n=12.,and A= D,,B=oy1 Xo =X — A.
Then it is easy to see that if C is a subset of D, with m(C) > 0, then 7C is
essentially a subset of D, ., with m(vC) >0, n = 1, 2,..., and +7!C is essen-
tially a subset of D,_; with m(+—1C) >0, n =2, 3,... . Similarly if C is a
nonzero subset of B then both +C and 771C are essentially nonzero subsets
of B. Hence Q maps L (D, , m) onto L,(D,.,, m), and it is also an invertible
isometry of L (B, m) onto itself.

Now if fe LB, m), then Y, a,,Qf converges strongly to zero, by the
results of Section 2. If fe L, (D,,m) for some n==1,2,..., then again
> a,;Qf converges strongly to zero for the following reason. First, since
Qf’s have disjoint supports,

[T a0 =T la 21 0F1L = ISIEE L ”

K3

Hence it is enough to show that lim,.,>;a’ = 0. In fact, if
m = sup, > | a,; | and if M, = sup; | a,; |, then

2l a7 = MY ‘ % < anZ—ml 174" L < MIm,
i 3 n i n

which gives the desired result.
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If f'is a general member of L, and € > 0, then we can find f, € L (B, m),
fee LDy m),k =1....Ksothat| f — Yh_ofi |l < €. Since ¥, a0 Sk o fi
converges strongly to zero, this shows that ¥ ; a,,,0% also converges strongly
to zero and completes the proof. [

Finally we prove the following result which shows that for our purposes
Borel spaces are enough.

THEOREM 5.4. Let (X, 2, m) be a finite measure space and let T be a
bounded linear operator on L,(X, 2, m). Given countably many functions
J1sfo s in L(X, 2, m), there exists a Borel space (J, B8, ) so that L,(J, B, )
is isomorphic to a subspace of L,(X, 2, m) and this subspace is invariant
under T and contains f , f, ,... . Furthermore, this isomorphism preserves the
positivity.

Before the proof we note how to apply this theorem to our case. We start
with a positive contraction 7 on L,(F, 2, m) and assume that there is a
function A" =hlzin L,, A" >0 a.e. and | TH' || = || 4" |l. If T* converges
weakly to zero, we would like to show that Y a,, T converges to zero in
norm for each fe L, . Therefore, given a fixed fin L, , we apply Theorem 5.4
to get an invariant subspace of L, containing A" and f and being isomorphic
to the L, space of a Borel measure space. Then the dilation theorem applies
and we proceed as before.

Proof of Theorem 5.4. Let us call a o-algebra separable if it can be
generated by countably many sets. Then we note that countably many
functions on a space always generate a separable c-algebra. In fact, if
gn:X—R, n=1,2,.., then they define a mapping : X —R* as
Pl(x) == (g4(x), g2(x),...), and the o-algebra generated by (gy.g,,...) is just
J=1B=. Here, of course, (R®, B*) is the cartesian product of countably many
copies of the real line R, together with the usual Borel s-algebra. Since =
is separable, we see that y~15> is also separable. Also note that the c-algebra
generated by countably many separable o-algebras is itself separable. Now
let #, be the c-algebra generated by (f;, f5,...). We define a sequence of
separable o-algebras (#,,.% ,...) as follows. If #, is defined and if it is
generated by a sequence of sets (F,;, Fps....), then #, ., is the c-algebra
generated by the countably many functions (Tlg, . Tlg,, »...). Also, let
F C 2 be the o-algebra generated by (#,, % ,...). Then it is clear that the
subspace of L (X, 2, m) consisting of % -measurable L -functions is invariant
under 7" and contains (f;, f5,...). If (g, g.,.--) is a sequence of functions
generating % and if ¢: X — R* is the mapping defined as H(x) =
(g(x), go(x),...), then ¢ is, of course, Z-measurable and transports m to
a measure u on (R*, ). Then it is clear that i/ also defines a positivity
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preserving isomorphism between L (X, #,m) and L, (R=, B=, u). Since
(R=, 8=, u) is a Borel space this completes the proof. []

Remark. 1If in Theorem 5.1 one assumes that (a,;) satisfies only (2.6)

instead of (1.1), then weak-lim 77 = T only implies

Y a,;T{I—T)->0.

The proof of this is the same as the proof of Theorem 5.1.

10.

11.
12.

13.

o e
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